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Abstract 
ls it possible to find in every run of n successive positive integers an integer which is coprime 
with each of the other n-l? It is shown that the answer is affirmative if n ~< 16 but negative when 
n=17.  
1. Introduction 
It is well-known that, given n ~> 2, we can find a block of n successive composite 
integers. Is it the case however that, given n>~2, we can find a block of n suc- 
cessive integers which contains no integer which is coprime with each of the other 
(n  - 1 )? 
We will call a block of n successive integers an n-block and a coprime integer (for 
the block) will be one which is coprime with every other integer in the block. 
Note that the n-block (n >~3) starting at ~Ip<nP contains exactly one coprime, viz., 
1 + ~Ip<nP, where p denotes a prime. 
We prove the following two theorems: 
Theorem 1. Each n-block contains a coprime Jot  2 <~ n <~ 16. 
Theorem 2. (i) Each 17-block with 9 odd &tegers contains a coprime. 
(ii) Each 19-block with 10 odd integers contains a coprime. 
Finally, we discuss examples which imply that these statements are best possible. 
Proof of Theorem 1. We give the details for n = 14, 15 and 16. The other cases are 
all proved more easily and some are trivial. Note that if an n-block contains an odd 
integer with no prime factor less than n then this integer will be coprime for the block. 
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n = 14. If one of the odds has smallest prime factor 13 it will be coprime unless 
it is the first or last odd. If one of the odds has smallest prime factor 1 l, it will be 
coprime unless it is the first, second, sixth or seventh odd. If two of the odds are 
divisible by 5 they will be either the first and sixth or the second and seventh. 
(a) Thus if four distinct odds have one of 5, 11, 13 as smallest prime factor and 
none are coprime, then the remaining odds will be the third, fourth and fifth. Of these 
one is divisible by 3 and at most one by 7. Therefore, there will be an odd not divisible 
by any prime less than 17. It will be coprime. 
(b) On the other hand, if at most three odds have one of 5, 11, 13 as smallest prime 
factor and none are coprime, then either the first odd or the last odd (or both) will be 
divisible by 5 or 13. At most two of the remaining odds are divisible by 3. As exactly 
one odd is divisible by 7 there will be at least one integer with no prime factor less 
than 17. It will be coprime. 
n = 15. If there are seven odds the reasoning for n = 14 applies. Suppose there are 
eight odds. If an odd is divisible by 13 it will be coprime or the first or last odd. If 
two odds are divisible by 7 they will be the first and last odds. Thus the odd divisible 
by 13 is coprime or exactly two odds are divisible by 7 or 13. 
Consider the six remaining odds in this latter case. If one is divisible by 11 and not 
coprime it will be the first, second, seventh or eighth odd. If three are divisible by 3 
then two of these will be found amongst the first, second, seventh and eighth odds. So 
all of these four odds would be divisible by 3, I1 or 13. Then we could not have two 
of the other odds divisible by 5. 
So for the six odds not divisible by 7 or 13 at most three are divisible by 3, at 
most two by 5 and at most one by 1 1 and the case where each 'at most' is replaced 
by 'exactly' is excluded. Hence we can locate an odd with no prime factor less than 
17 in this case and this number will be coprime. 
n = 16. (i) Consider blocks for which the first (and hence the last) odd is divisible 
by 7. There are three possibilities: 
(a) there is a coprime odd divisible by 13, 
(b) none of the six middle odds is divisible by 13, 
(c) the second or seventh odd (and hence the extreme ven in the block) is divisible 
by 13. 
Case (b): Here the six middle odds will contain two divisible by 3, at most two by 
5 and at most one by 11. Hence we can find an odd with no prime factor less than 
17 and this will be coprime. 
Case (c): The five odds not divisible by 7 or 13 are consecutive. At most two are 
divisible by 3, one is divisible by 5 and at most one by 1 1. Hence at least one odd will 
have smallest prime factor larger than 13 and be coprime. This completes the proof 
when the first odd is divisible by 7. 
(ii) Finally, we consider a 16-block with exactly one odd divisible by 7. Then of 
the other seven odds at most three are divisible by 3, at most two by 5, at most one 
by 11 and at most one by 13. If any one of the 'at most's is not an 'equals' we can 
find an odd divisible by no prime less than 17 and complete the proof. 
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It remains to show that it is impossible to arrange for the eight odds to be coprime 
when three are divisible by 3, two by 5, one by 7, one by l l and one by 13. Let the 
three divisible by 3 be the first, fourth and seventh. (Similarly for the other case.) The 
odd divisible by 13 will be the second or eighth since it is not coprime. If it is the 
eighth it is not possible to find two of the remaining odds divisible by 5. Suppose that 
the second odd is divisible by 13 and then the remaining odds are the third, fifth, sixth 
and eighth. The third and eighth are the pair divisible by 5. This leaves the fifth and 
sixth, one having least prime factor 7 and the other least prime factor I I. Whichever 
has least prime factor l l will be coprime as the nearest even integer divisible by l l 
is outside the block. 
This completes the proof when n -- 16. [] 
Proof of Theorem 2. (i) n = 17. The theorem holds if one of the nine odds has no 
prime factor less than 17. A run of nine successive odds has three divisible by 3, at 
most two by each of 5 and 7, and at most one by each of I 1 and 13. Assume that 
we can arrange for all nine odds to have a prime factor less than 17 and for none to 
be coprime. Then the two odds divisible by 7 will be either the first and eighth or the 
second and ninth. The odd divisible by 13 will be the first, second, eighth or ninth 
and at least one of these four will be divisible by 3. This leaves five successive odds 
(third to seventh) and it is not possible for two of these to be divisible by 5. 
(ii) n = 19. At most four of the ten odds are divisible by three, exactly two by 5, 
at most two by 7 and at most one by each of l l, 13 and 17. 
(a) Suppose no odd is divisible by 17. If each of the ten odds is divisible by a prime 
less than 17, we must have four (the first, fourth, seventh and tenth) divisible by 3. 
Two others will be divisible by 7 - -  inevitably the second and ninth. Two of the rest 
must be divisible by 5 and the only possibility is the third and eighth. Consequently, 
the odd divisible by 13 will be the fifth or sixth and thus be coprime. 
(b) Suppose now that one odd is divisible by 17 and is not coprime. Then this 
odd will be the first or last and so exactly three others will be divisible by 3. The 
remaining six odds must contain two divisible by 5, two by 7, one by l l and one by 
13. Otherwise, we could find an odd with no prime factor less than 19 which would 
be coprime. 
Let the last odd be divisible by 17 (similarly for the first). 
(~t) If the two divisible by 7 are the first and eighth then the three different odds 
which are divisible by three will be the third, sixth and ninth. The second is the only 
remaining odd which can have least prime factor 13 and not be coprime. This leaves 
the fourth, fifth and seventh. No two of these can be divisible by 5 and we will be 
able to find a coprime. 
([3) On the other hand if the two divisible by 7 are the second and ninth then 
the three different odds divisible by 3 will be the first, fourth and seventh. The two 
divisible by 5 have to be the third and eighth leaving just the fifth and sixth. Whichever 
is divisible by 13 will be coprime. 
This completes the proof of Theorem 2. [] 
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2. Examples relating to Theorem 1 
n = 17. In contrast to Theorem l we can find a 17-block without a coprime. 
Theorem 2(i) implies that the block has nine evens and eight odds. The idea behind 
the search is to make each odd have smallest prime factor less than 17 and to arrange 
the factors so that there will always be an even in the block with the same factor. 
For eight successive odds we can achieve this by choosing the smallest prime factors 
to be, in order, 3, 13, 5, 3, 7, l l, 3, 5. If N is the first integer in the block then N 
satisfies 
N=0 mod(2.5.11) and N+I6 -=0 mod(3.7.13). 
This gives N = 27830. The block is essentially unique apart from a reversal of  factors 
and the addition to N of any integer multiple of 1-]p<17P" The smallest first integer 
for a 17-block without coprime is 2184 obtained from the reverse pattern. 
n = 18. The extension of  a 17-block having no coprime to an 18-block with the 
same property is straightforward if we make either the preceding or the succeeding 
integer divisible by 17. Explicitly we need to solve for the integer t the congruence 
N+ (p~<17P) t--O(m°dl7)" 
Since 17 and 1-Ip<17P are coprime the congruence has a solution and we will obtain 
an 18-block beginning with 87890 having no coprime. 
Essentially for n = 18 there are two different patterns depending on whether one 
makes the first or last integer divisible by 17. 
n -- 19. The extension from a block for even n to one for (n + l) is immediate 
adding on the adjacent even integer. For n = 19 there are however three essentially 
different patterns for the smallest prime factors of the odds, viz., 
3 13 5 3 7 I I 3 5 17, 5 3 l l 7 3 5 13 3 17, and 5 3 13 I I 3 5 7 3 17. 
The first two are as in n ---- 18 but the third is unconnected with any earlier block. 
Larger n. If  we have a block of n successive integers with more evens than odds 
and in which there is no coprime then the extension to an (n + 1)-block can follow 
the lines indicated above for n = 18. This requires there to be a prime ~<n which has 
not been used as a smallest prime factor in the construction of the n-block without 
coprime. If n itself is prime this is satisfied. It may not be necessary, of course, to use 
a new prime if one of the integers adjacent o the n-block is already coprime with a 
member of the block. 
The author has checked that the 17-block beginning 27 830 can be extended in this 
way to give an n-block with no coprime for 17 ~<n ~< 700. It seems that the larger n is 
the easier it is to produce an n-block without a coprime, but it would be desirable to 
have a proof that such a block exists for all n ~> 17. 
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3. Example relating to Theorem 2 
n = 21. The above examples for odd n all have more evens. A 21-block with 11 
odds and no coprime can be found based on the following pattern of least prime factors 
for the odds: 
193135371135173.  
One such block starts at 7235029 and the reverse pattern gives a block starting at 
2464641. 
